This work presents a hierarchical model for solute transport in bounded layered porous media with random permeability. The model generalizes the Taylor-Aris dispersion theory to stochastic transport in random layered porous media with a known velocity covariance function. In the hierarchical model, we represent (random) concentration in terms of its cross-sectional average and a variation function. We derive a one-dimensional stochastic advection-dispersion-type equation for the average concentration and a stochastic Poisson equation for the variation function, as well as expressions for the effective velocity and dispersion coefficient. We observe that velocity fluctuations enhance dispersion in a non-monotonic fashion: the dispersion initially increases with correlation length λ, reaches a maximum, and decreases to zero at infinity.
I. Introduction
Many scientific applications (e.g., barotropic flow, contaminant transport, and functionally graded materials) are multiscale and stochastic in nature with uncertainties stemming from random initial and/or boundary conditions and/or stochastic parameter fields. Solving these stochastic problems is both theoretically and computationally challenging.
Existing perturbation-based moment methods for solving stochastic advectiondispersion equations develop non-physical bi-modal behavior for average concentration [1, 2] . The moment solution based on the macro-dispersion theory [3] requires knowledge of Green's function, which is expensive to compute numerically and can only be found analytically for a small class of problems (e.g., infinite domains). Another drawback to these methods is their accuracy rapidly deteriorates with increasing variance of the random parameters (i.e., advection velocity and/or dispersion coefficient). Other statistical approaches, including Monte Carlo (MC) methods, suffer from a low convergence rate (O(N -1/2 ), where N is the number of samples) and are destined to fail when directly applied to problems with large numbers of degrees of freedom [4] .
Polynomial chaos (PC)-based methods [5] [6] [7] currently are a method of choice for quantifying uncertainty [8] [9] [10] . However, these methods suffer from the so-called "curse of dimensionality" and become prohibitively expensive when applied to problems with correlated-in-space random parameters characterized by small correlation length and/or large variance [11] [12] [13] [14] [15] [16] [17] .
In this paper, we present a new reduction method for solute transport in layered porous media with random distribution of the hydraulic conductivity across the layers.
We derive stochastic equations for the spatial average of concentration and variations around the average. The spatial average represents the large-scale concentration and is governed by a stochastic advection-dispersion equation with the effective stochastic advection velocity and dispersion coefficient. The small-scale variability of the concentration, caused by the small-scale velocity fluctuations, is captured by the variation function, depending on the velocity covariance. The resulting hierarchical stochastic models enable efficient solution of the original problem with significantly reduced dimensionality.
Aris and Taylor's classical dispersion theory was developed for long-time evolution of solute concentration (Taylor [18, 19] and Aris [20] , see also Philip [21] , Brenner [22] , Gill and Sankaras [23] , Smith [24] , Frankel and Brenner [25] , Fischer [26] , and Xu [27, 28] ). Whitaker, Adler and Brenner, and Bear later generalized this theory to (deterministic) flow in porous media. Neuman [3] and Koch and Brady [29] derived deterministic effective dispersion equations for solute transport in the stochastic velocity field. Our method generalizes Taylor dispersion theory [18, 19] for transport in the stochastic velocity field. Unlike Neuman's macro-dispersion theory [3] (which results in deterministic "macroscale" equations), our method yields a stochastic "macroscale" 
II. Formulation of the Model
Here, we consider solute transport in porous media consisting of homogeneous layers with random permeability distribution across the layers. The randomness in permeability leads to randomness of the advective velocity. The two-dimensional (2-D) geometry of the problem is defined in Figure 1 . The flow domain is bounded in the y direction (a is the size of the domain in the y direction) and is infinite in the x direction. Conservative solute transport in this domain can be described by the 2-D advection-dispersion equation 
where ( )
, c x t is the cross-sectional average of total concentration ( )
, , c x y t and the cross-sectional averaging operator  is defined as:
The function ( ) y η is a measure of the velocity variation along the y direction and will be derived later. Equation (3) decomposes the total stochastic concentration solution ( )
, , c x y t in terms of the cross-sectional average concentration c and its first-order gradient c x ∂ ∂ . Though higher-order expression for the correction (in terms of the spatial derivatives of ( ) , c x t ) may be obtained [27, 32] , only the first-order correction is considered in this study. The total uncertainty in solution can be further decomposed into the ensemble contribution in average solution and configurational contribution in variation function [30] .
Similarly, the total velocity field is decomposed into the cross-sectional average 
The zero ensemble average is satisfied only if the ensemble average is independent of y, which is assumed in the current study.
The key part of the proposed solution method for stochastic partial differential 
It is evident that the reduced model for ( ) , c x t (Eq. (10)), a one-dimensional stochastic PDE, is easier to solve than the original Eq. (1). According to Eq. (7), the statistical ensemble average of velocity fluctuation is
where the operator  represents the statistical ensemble average of a field variable "g."
Using the boundary condition (8), we find the conditions for ( ) 
By substituting Eq. (12) into Eq. (10), the equation for ( ) , c x t is further reduced to
where
is a stochastic scalar function representing the effective dispersion coefficient for ( ) 
By integrating Eq. (16) twice and using the boundary conditions (8) and constraint (9), we obtain the solution for ( ) 
Taking ensemble average of both sides of Eq. (17), we find the necessary conditions for
The stochastic effective dispersion coefficient  D can be derived from Eq. (14) . First, we integrate Eq. (17) by parts and the boundary condition for ( )
Substituting this into Eq. (14), we obtain the solution for  D : Next, we demonstrate the consistency of our formulation with the Taylor-Aris theory for the (deterministic) parabolic velocity profile for ( )
Substitution of Expression (21) 
Then, the effective dispersion coefficient  D can be computed via substitution of Eqs. (21) and (22) into Eq. (14) as
where the Péclet number is defined as . This result exactly recovers the Taylor's dispersion coefficient [18] . 
where a µ λ = is the dimensionless correlation length. Figure 1 shows the variation of non-dimensional ratio The statistical mean of the effective dispersion  D can be obtained from Eq. (20) as 
The final expression for γ is obtained using Eq. (28) 
II. Conclusions
We have presented a model reduction method that results in hierarchical stochastic 
